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$A=(a_{ij})_{1\leq i,j\leq 2}n$ $a_{ji}=-a_{ij}$
Pf $A= \frac{1}{n!}\sum_{\sigma\in \mathfrak{C}_{2n}}sgn\sigma a_{\sigma(1)\sigma(2)}\ldots a_{\sigma(2n-1)\sigma(2n)}$
$\mathfrak{C}_{2n}:=\{\sigma\in \mathfrak{S}_{2n}|\sigma(2i-1)<\sigma(2i) (1\leqi\leq n)\}.$
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Pf $(a_{ij})_{1\leq i,j\leq 4}=a_{12}a_{34}-a_{13}a_{24}+a_{14}a_{23}$
Hyperpfaffian
Barvinok [21]
1.1. $m,$ $n$ $B=(B(i_{1}, \ldots, i_{2m}))_{1\leq i_{1},\ldots,i_{2m}\leq 2n}$
$(\tau_{1}, \ldots, \tau_{m})\in(\mathfrak{S}_{2})^{m}$
$B(i_{\tau_{1}(1)}, i_{\tau_{1}(2)}, \ldots, i_{\tau_{m}(2m-1)}, i_{\tau_{m}(2m)})=$ sgn $(\tau_{1})$ $\cdots$ sgn$(\tau_{m})B(i_{1}, \ldots, i_{2m})$
$B$ hyperpfaffian
$Pf^{[2m]}(B)=\frac{1}{n!}\sum_{\sigma 1,\ldots,\sigma_{m}\in \mathbb{C}_{2n}}sgn(\sigma_{1}\cdots\sigma_{m})$
$\cross\prod_{i=1}^{n}B(\sigma_{1}(2i-1),\sigma_{1}(2i), \cdots, \sigma_{\check{m}}(2i-1),\sigma_{m}(2i))$ .
$q$-series (see [4, 7]):
$n$
$(a;q)_{\infty}= \prod_{k=0}^{\infty}(1-aq^{k}) , (a;q)_{n}=\frac{(a;q)_{\infty}}{(aq^{n};q)_{\infty}}.$
$(a;q)_{n}$ $q$-shifCed factorial
:
$(a_{1}, a_{2}, \ldots, a_{r};q)_{\infty}=(a_{1};q)_{\infty}(a_{2};q)_{\infty}\cdots(a_{r};q)_{\infty},$
$(a_{1}, a_{2}, \ldots, a_{r};q)_{n}=(a_{1};q)_{n}(a_{2};q)_{n}\cdots(a_{r};q)_{n}.$
$q$- r $+$ l $\phi$r
$r+1 \phi_{r}[^{a_{1},a_{2},.\cdot.\cdot.\cdot,a_{r+1}}b_{1},,b_{r};q, z]=\sum_{n=0}^{\infty}\frac{(a_{1},a_{2},..\cdot.\cdot.’ a_{r+1};q)_{n}}{(q,b_{1},,b_{r};q)_{n}}z^{n}.$
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2 Pfaffian
$A=(a_{ij})_{i,j\geq 1}$ $I=\{i_{1}, \ldots, i_{r}\}\backslash$
$J=\{j_{1}, \ldots, j_{r}\}$ $(I, J)$





$A_{2,3,5}^{1,2,4}=(\begin{array}{lll}a_{12} a_{13} a_{15}a_{22} a_{23} a_{25}a_{42} a_{43} a_{45}\end{array})$
$A$ $A_{I}^{I}$ $A_{I}$
de Bruijn
2.1. ([15, 16]) $n$ $N$ $2n\leq N$ $H=$
$(h_{i,j})_{1\leq i\leq 2n,1\leq j\leq N}$ $2n\cross N$ $A=(\alpha_{i,j^{\mathfrak{l}}})_{1\leq i,j\leq N}$ $N$
$\# I=2n\sum_{I\subseteq[N]}$
Pf$(A_{I})\det(H_{I}^{[2n]})=$ Pf$(Q)$ , (2.1)
$Q$ $Q=(Q_{i,j})=HAH^{T}$
$(i,j)$
$Q_{i,j}= \sum_{1\leq k<l\leq N}\alpha_{k,l}\det(H_{k,l}^{i,j}) , (1\leq i,j\leq2n)$ (2.2)
[21]
2.2. ([21]) $m,$ $n,$ $N$ $2n\leq N$ $s$
$(1\leq \mathcal{S}\leq m)$ $H(s)=(h_{ij}(s))_{1<i<2n,1<j\leq N}$ $2n\cross N$
$A=(a_{ij})_{1\leq i,j\leq N}$ $N$
$\sum_{I\subset[N]}$
Pf$(A_{I}) \prod_{s=1}^{m}\det(H(\mathcal{S})_{I}^{[2n]})=$ Pf$[2m](Q)$ ,
$\#\overline{I}=2n$
$Q=(Q_{i_{1},\ldots,i_{2m}})_{1\leq i_{1},\ldots,i_{2m}\leq 2n}$
$Q_{i_{1},\ldots,i_{2m}}= \sum_{1\leq k<l\leq N}a_{k,l}\prod_{s=1}^{m}\det(H(s)_{k,l}^{i_{2s-1},i_{2s}})$ ,
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[15,16].
2.3. $\{\alpha_{k}\}_{k\geq 1}$ $n$ $B=(b_{i,j})_{i,j\geq 1}$
$b_{i,j}=\{\begin{array}{ll}\alpha_{i} if j=i+1 for i\geq 1,-\alpha_{j} if i=j+1 for j\geq 1,0 otherwise.\end{array}$ (2.3)
$I=(i_{1}, \ldots, i_{2n})$ $1\leq i_{1}<\cdots<i_{2n}$
Pf $(B_{I})=\{\begin{array}{ll}\prod_{k=1}^{n}\alpha_{i_{2k-1}} if i_{2k}=i_{2k-1}+1 for k=1, \ldots, n,0 otherwise,\end{array}$ (2.4)










0,1, . . . ) 2
(i) $de\backslash gp_{n}(x)=n,$




3.1. $n$ $1\leq i\leq 2n$ $\phi_{i}(x)$ $\psi_{i}(x)$
$[0, a]$
$\int\cdots\int_{0\leq x_{1}<\cdots<x_{n}\leq a}\det(\phi_{i}(x_{j})|\psi_{i}(x_{j}))d_{q}\mu(x_{1})\ldots d_{q}\mu(x_{n})=$ Pf $(Q_{i,j})_{1\leq i,j\leq 2n}$
(3.1)
$Q_{i,j}= \int_{0}^{a}\{\phi_{i}(x)\psi_{j}(x)-\phi_{j}(x)\psi_{i}(x)\}d_{q}\mu(x)$ (3.2)
$(\phi_{i}(x_{j})|\psi_{i}(x_{j}))$ $i$ $(1\leq i\leq 2n)$
$(\phi_{i}(x_{1}), \psi_{i}(x_{1}), \ldots, \phi_{i}(x_{n}), \psi_{i}(x_{n}))$
$2n\cross 2n$
3.1 3.2
3.2. $m$ $n$ $1\leq i\leq 2n,$ $1\leq s\leq m$ $i,$ $s$
$\phi_{s,i}(x)$ $\psi_{s,i}(x)$ $[0, a]$
$\int\cdots\int_{a\leq x1<\cdots<x_{n}\leq b}\prod_{s=1}^{m}\det(\phi_{s,i}(x_{j})|\psi_{s,i}(x_{j}))\omega(d_{q}x)$
$=$ Pf $[2m](Q_{i_{1},\cdots,i_{2m}})_{1\leq i_{1},\cdots,i_{2m}\leq 2n}$ , (3.3)
$1\leq i_{1},$ $\ldots.’ i_{2m}\leq 2n$
$Q_{i_{1},\cdots,i_{2m}}.$ $= \int_{0}^{a}\prod_{s=1}^{m}\{\phi_{s,i_{2s-1}}(x)\psi_{s,i_{28}}(x)-\phi_{s,i_{2s}}(x)\psi_{s,i_{2s-1}}(x)\}\omega(d_{q}x)$
(3.4)
$N$ $N\geq n$ $2N\cross 2N$ $A=$
$(\alpha_{i,j})_{1\leq i<j\leq 2N}$
$\alpha_{i,j}=\{\begin{array}{ll}1 if i is odd and j=i+1,0 otherwise,\end{array}$
$[2N]$ 2$n$- $I$
2.3
Pf $(A_{I})=\{\begin{array}{ll}1 if I=\{2k_{1}-1,2k_{1}, \ldots, 2k_{n}-1,2k_{n}\},0 otherwise,\end{array}$
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$\sum_{1\leq k_{1}<k_{2}<\cdot\cdot<k_{n}\leq N}.\prod_{s=1}^{m}\det H(s)_{2k_{1}-i_{2k_{1},.,2k_{n}-1,2k_{n}}^{2n-1.’.2n}}^{1,2},=Pf^{[2m]}(Q_{i_{1},\ldots,i_{2m}})_{1\leq i_{1},\ldots,i_{2m}\leq 2n}$
$Narrow\infty$
$\sum_{1\leq k_{1}<k_{2}<<k_{n}}\ldots\prod_{s=1}^{m}\det H(\mathcal{S})_{2k_{1}-i_{2k_{1},.,2k_{n}-1,2k_{n}}^{2n-1.’.2n}}^{1,2},\cdot$
$= Pf^{[2m]}(\lim_{Narrow\infty}Q_{i_{1},\ldots,i_{2m}})_{1\leq i_{1},\ldots,i_{2m}\leq 2n}$ (3.5)
(3.5)
$h_{i,2k-1}(s)=\{\begin{array}{ll}(1-q)a\phi_{s,i}(aq^{k-1})w(aq^{k-1})q^{k-1} if s=1,\phi_{s,i}(aq^{k-1}) otherwise,\end{array}$
$h_{i,2k}(s)=\psi_{s,i}(aq^{k-1})$
$(1-q)^{n}a^{n} \sum_{0\leq k_{1}<k_{2}<<k_{n}}\ldots\prod_{s=1}^{m}\det(\phi_{s,i}(q^{k_{j}})|\psi_{s,i}(q^{k_{j}}))\prod_{\nu=1}^{n}w(q^{k_{\nu}})q^{k_{\nu}}$





3.3. $\omega(d_{q}x)=w(x)d_{q}x$ $[0, a]$ $\mu_{i}=\int_{0}^{a}x^{i}\omega(d_{q}x)$
$i$











Pf $((q^{i-1}-q^{j-1})\mu_{i+j+r-2})_{1\leq i<j\leq 2n}$





3.4. $\psi(dx)=\psi’(x)dx$ $[0, a]$ $\mu_{i}=$
$\int_{0}^{a}x^{i}\psi(dx)$ $i$
Pf $((j-i) \mu_{i+j+r-2})_{1\leq i<j\leq 2n}=\frac{1}{n!}\int_{[0,a]^{n}}\prod_{i}x_{i}^{r+1}\prod_{i<j}(x_{i}-x_{j})^{4}\psi(dx)$ .
(3.9)
3.3 3.2 $\phi_{s,i}(x)=ix^{i-1},$ $\psi_{s,i}(x)=$
$x^{i+r_{8}-1}$







4.1. $n$ $r\geq 0$








$\mu_{n}=\int_{0}^{1}x^{n}\omega(d_{q}x)=\frac{(aq;q)_{n}}{(abq^{2};q)_{n}} (n=0,1,2, \ldots)$ (4.3)
Little
$q$-Jacobi [7, 19]









Askey [1] Selberg q- [1,
Conjecture 1], Habsieger [8, 9] Kadell [18, Theorem $2;l=m=0$] #
$\int_{[0,1]^{n}}\prod_{i<j}t_{i}^{2k}(q^{1-k}t_{j}/t_{i};q)_{2k}\prod_{i=1}^{n}t_{i}^{x-1}\frac{(t_{i}q;q)_{\infty}}{(t_{i}q^{y};q)_{\infty}}d_{q}t=q^{kx(_{2}^{n})+2k^{2}(_{3}^{n})}S_{n}(x, y;q)$ .
(4.5)


























5 Al-Salam and Carlitz I,II
$e_{q}(x)= \sum_{n=0}^{\infty}\frac{x^{n}}{(q;q)_{n}}=\frac{1}{(x;q)_{\infty}},$
$E_{q}(x)= \sum_{n=0}^{\infty}\frac{q^{\frac{n(n-1)}{2}}x^{n}}{(q;q)_{n}}=(-x;q)_{\infty}.$





$\{U_{n}^{(a)}(y;q)\}$ Al-Salam and Carlitz I $\{V_{n}^{(a)}(x;q)\}$ Al-













$F_{n}^{(a)}(a;q)= \sum_{k=0}^{n}\{\begin{array}{l}nk\end{array}\}a^{k},$ $G_{n}^{(a)}(a;q)= \sum_{k=0}^{n}\{\begin{array}{l}nk\end{array}\}a^{k(k-n)},$
$\{\begin{array}{l}nk\end{array}\}=\frac{(q;q)_{n}}{(q;q)_{k}(q;q)_{n-k}}$
(5.3) (5.3) [13, Konjecture 6.1]
[13, Konjecture 6.1] $q$
5.1. $F_{n}(a;q)$ $G_{n}(a;q)$
Pf $((q^{i-1}-q^{;-1})F_{i+j-3}(a;q))_{1\leq i,j\leq 2n}=a^{n(n-1)}q^{\frac{1}{6}n(n-1)(4n-5)} \prod_{k=1}^{n}(q;q)_{2k-1},$
(5.3)
Pf $((q^{i-1}-q^{;-1})F_{i+j-2}(a;q))_{1\leq i,j\leq 2n}$
$=a^{n(n-1)}q^{\frac{1}{6}n(n-1)(4n+1)} \prod_{k=1}^{n}(q;q)_{2k-1}\sum_{k=0}^{n}q^{(n-k)(n-k-1)}\{\begin{array}{l}nk\end{array}\}a^{k}$ . (5.4)
Pf $((q^{i-1}-q^{;-1})G_{i+j-3}(a;q))_{1\leq i,j\leq 2n}=a^{n(n-1)}q^{-n(n-1)(4n-5)/3} \prod_{k=1}^{n}(q;q)_{2k-}$
(5.5)
Pf $((q^{i-1}-q^{;-1})G_{i+j-2}(a;q))_{1\leq i,j\leq 2n}$
$=a^{n(n-1)}q^{-\frac{2}{3}n(n-1)(2n-1)} \prod_{k=1}^{n}(q;q)_{2k-1}\sum_{k=0}^{n}\{\begin{array}{l}nk\end{array}\}a^{k}$ . (5.6)
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(3.8)
Pf $((q^{i-1}-q^{j-1})F_{i+j+r-2}^{(a)}(a;q))_{1\leq i<j\leq 2n}= \frac{1}{n!}q^{n(n-1)}(1-q)^{n}$
$\cross\int_{[a,1]^{n}}\prod_{i<j}\prod_{l=0}^{1}(x_{i}-q^{l}x_{j})(x_{i}-q^{-l}x_{j})\prod_{i=1}^{n}x_{i}^{r+1}w_{U}^{(a)}(x_{i};q)d_{q}x$ , (5.7)






$\tau_{i}f(x_{1}, \ldots, x_{n})=f(x_{1}, \ldots, x_{i-1}, qx_{i}, x_{i+1}, \ldots, x_{n})$ ,
$n$ Macdonald operator $M_{1}$
$M_{1}:= \sum_{i=1}^{n}A_{i}(t)\tau_{i}, A_{i}(t):=\prod_{j\neq i}^{n}\frac{tx_{i}-x_{j}}{x_{i}-x_{j}}j--1,$
$E_{k}:= \sum_{i=1}^{n}x^{k}A_{i}(t)\frac{\partial}{\partial_{q}x_{i}}, \frac{\partial}{\partial_{q}x_{i}}.=\frac{1-\tau_{i}}{(1-q)x_{i}}$
$M_{1}$ $q$ $t$ $q^{-1}$
$t^{-1}$ operator
$\tilde{M_{1}}$
$x=(x_{1}, \ldots, x_{n})\backslash$ $U_{\lambda}^{(a)}(x;q, t)$
















$\int_{[a,1]^{n}}U_{\lambda}^{(a)}(x;q, t)U_{\mu}^{(a)}(x;q, t)\triangle_{k}^{2}(x)\prod_{i=1}^{n}w_{U}^{(a)}(x_{i};q)d_{q}x=0$ (5.11)
$\int_{[1,\infty]^{n}}V_{\lambda}^{(a)}(x;q, t)V_{\mu}^{(a)}(x;q, t)\triangle_{k}^{2}(x)\prod_{i=1}^{n}w_{V}^{(a)}(x_{i};q)d_{q}x=0$ (5.12)
(5.7)






$= \frac{n!}{\Gamma_{q^{k}}(n+1)}\int_{[a,1]^{n}}\triangle_{k}^{2}($ $) \prod_{i=1}^{n}x_{i}^{r+1}w_{U}^{(a)}(x_{i};q)d_{q}x$
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$r=-1$ (5.9) (5.3) $k=2$
(5.5) (5.4) (5.6)
$r=0$ (5.7) (5.8) $\prod_{i=1}^{n}x_{i}=e_{n}(x)$



















$e_{n}(x_{1}, \ldots, x_{n})^{r}$ $U_{\lambda}^{(a)}(x;q, t)$
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